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ABSTRACT 

 

In this work, a Semi linear Differential System of Non Local Initial Conditions with Distributed Delays in the 

Control in Banach spaces of the form 

𝑥1(𝑡) =  𝐴𝑥(𝑡) + 𝑓(𝑡, 𝑥(𝑡)) + ∫ [𝑑𝜃𝐻(𝑡, 𝜃)]
0

−ℎ

𝑢(𝑡 + 𝜃) 

 𝑥(0) + 𝑔(𝑥) = 𝑥0  
 𝑖𝑠 𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑓𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠. Necessary and Sufficient Conditions for the System to be 

 null controllable are established . 𝑈𝑠𝑒 𝑖𝑠 𝑚𝑎𝑑𝑒 𝑜𝑓  𝑡ℎ𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚  𝑎𝑛𝑑 𝑆𝑐ℎ𝑎𝑢𝑑𝑒𝑟𝑠 ′ 

𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑡𝑜 𝑒𝑡𝑎𝑏𝑙𝑖𝑠ℎ 𝑟𝑒𝑠𝑢𝑙𝑡𝑠  . 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑝𝑙𝑎𝑐𝑒𝑑 𝑜𝑛  𝑡ℎ𝑒 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛 𝑓  
𝑤ℎ𝑖𝑐ℎ 𝑔𝑢𝑎𝑟𝑎𝑡𝑒𝑒 𝑡ℎ𝑎𝑡 𝑖𝑓  𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑏𝑎𝑠𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑎𝑛𝑑 𝑖𝑓 𝑡ℎ𝑒 𝑢𝑛𝑐𝑜𝑡𝑟𝑜𝑙𝑙𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟  
𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑠𝑡𝑎𝑏𝑙𝑒, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑆𝑒𝑚𝑖𝑙𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑆𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 

 𝑛𝑢𝑙𝑙𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒  𝑤𝑖𝑡ℎ 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 . 
Keywords: null-controllability, semi-linear, distributed delays, nonlocal initial conditions, Banach spaces  

 

 

 

 

1. INTRODUCTION 
Controllability and Null Controllability of nonlinear systems represented by differential and 

Integrodifferential equations in Banach Spaces have been investigated extensively by many authors; 

Balachandran, K. Anandhi (2004), Y.K.Chang, J.J. Nieto(2009), Oraekie,P.A(2017).A method is to 

transform the controllability problem into a fixed point problem for an appropriate operator in a function 

space. However, Balachandran and Kim(2003) pointed out that controllability results are only true for 

ordinary differential Systems in finite-dimensional spaces if the corresponding operator semi groups are 
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compact.Xue,X(2008) studied the existence of integral solutions for a nonlinear differential equations with 

nonlocal initial conditions through Huasdorff measure of no compactness in the separable and uniformly 

smooth Banach spaces. In his work, Xue, X (2008) dropped the compactness of semi group. The semi group 

in his work is a contraction semi group satisfying equicontinuity, which is a special case of a strongly 

continuous semigroup.With respect to controllability, it is known from the of Hermes and J.P. La Salle 

(1969) that if the linear ordinary control system 

 

�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑢(𝑡)                                 (1) 
Is proper and if the free system 

�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡)                             (2) 
Is uniformly asymptotically stable, then system (1) is null controllable with constraints. A similar result was 

obtained by Chukwu(1980) for the delay system of the form 

�̇�(𝑡) = 𝐿(𝑡 , 𝑥𝑡) + 𝐵(𝑡)𝑢(𝑡)  + 𝑓(𝑡, 𝑥𝑡 , 𝑢(𝑡))                               (3) 

𝑤ℎ𝑒𝑟𝑒 , 𝐿(𝑡, 𝜙) = ∑ 𝐴𝑘(𝑡)𝜙(−𝑡𝑘)

∞

𝑘=0

+ ∫ 𝐴(𝑡 , 𝑠)𝜙(𝑠)𝑑𝑠
0

−𝑟

. 

Shinba (1985) studied the nonlinear infinite delay system of the form 

�̇�(𝑡) = 𝐿(𝑡 , 𝑥𝑡) + 𝐵(𝑡)𝑢(𝑡)  + ∫ 𝐴(𝜃)𝑥(𝜃)𝑑𝜃
0

−∞

+ 𝑓(𝑡, 𝑥𝑡 , 𝑢(𝑡))                               (4) 

And showed that system (4) is Euclidean null controllable if the linear base system 

�̇�(𝑡) = 𝐿(𝑡 , 𝑥𝑡) + 𝐵(𝑡)𝑢(𝑡)                             (5) 
Is proper and the free system 

�̇�(𝑡) = 𝐿(𝑡 , 𝑥𝑡) + 𝐵(𝑡)𝑢(𝑡)  + ∫ 𝐴(𝜃)𝑥(𝜃)𝑑𝜃
0

−∞

              (6) 

is uniformly asymptotically stable, provided that f satisfies some growth conditions. 

Onwuatu(1993), studied the neutral systems with infinite delay of the form 

𝑑

𝑑𝑡
𝐷(𝑡 , 𝑥𝑡) = 𝐿(𝑡 , 𝑥𝑡) + 𝐵(𝑡)𝑢(𝑡)  + ∫ 𝐴(𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃

0

−∞

+ 𝑓(𝑡, 𝑥𝑡 , 𝑢(𝑡))              (7) 

𝑥(𝑡) = 𝜙(𝑡);  𝑡 ∈ (−∞, 0] 

𝑤ℎ𝑒𝑟𝑒 , 𝐿(𝑡, 𝜙) = ∑ 𝐴𝑘(𝑡)𝜙(−𝑡𝑘)

∞

𝑘=0

+ ∫ 𝐴(𝑡 , 𝑠)𝜙(𝑠)𝑑𝑠
0

−𝑟

. 

𝐻𝑒 𝑑𝑒𝑣𝑒𝑙𝑜𝑝𝑒𝑑 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑐𝑜𝑚𝑝𝑢𝑡𝑎𝑏𝑙𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (7). 
𝑊ℎ𝑖𝑙𝑒 𝑶𝒓𝒂𝒆𝒌𝒊𝒆 (𝟐𝟎𝟏𝟖)𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑤𝑖𝑡ℎ 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝐷𝑒𝑙𝑎𝑦𝑠  

𝑖𝑛 𝑡ℎ𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 

d

dt
D(t, xt) = L(t, xt) + ∑ Bj

m

j=1

u(t − hj) + ∫ A(θ)x(t + θ)

0

−∞

dθ + f(t, xt, u(t)) … … . . (8)  

𝐻𝑒 𝑑𝑒𝑣𝑒𝑙𝑜𝑝𝑒𝑑 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑐𝑜𝑚𝑝𝑢𝑡𝑎𝑏𝑙𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (8). 
𝐻𝑖𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑒𝑥𝑡𝑒𝑛𝑑 𝑡ℎ𝑜𝑠𝑒 𝑜𝑓 𝑯𝒆𝒓𝒎𝒆𝒔 𝒂𝒏𝒅 𝑺𝒂𝒍𝒍𝒆 (𝟏𝟗𝟔𝟗), 𝑪𝒉𝒖𝒌𝒘𝒖 (𝟏𝟗𝟖𝟎), 𝑺𝒊𝒏𝒃𝒂 (𝟏𝟗𝟖𝟓)𝒂𝒏𝒅 

 𝑶𝒏𝒘𝒖𝒂𝒕𝒖 (𝟏𝟗𝟗𝟑) 𝑡𝑜 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
𝐼𝑛 𝑡ℎ𝑖𝑠 𝑝𝑎𝑝𝑒𝑟, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑤𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑒𝑚𝑖𝑙𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 

 𝑆𝑦𝑠𝑡𝑒𝑚𝑠 𝑜𝑓 𝑁𝑜𝑛𝑙𝑜𝑐𝑎𝑙 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝐷𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑛 𝐵𝑎𝑛𝑎𝑐ℎ 𝑆𝑝𝑎𝑐𝑒𝑠 

 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 

𝑥1(𝑡) = 𝐴𝑥(𝑡) + ∫ [𝑑𝜃𝐻(𝑡, 𝜃)]
0

−ℎ

𝑢(𝑡 + 𝜃) + 𝑓(𝑡, 𝑥(𝑡))                              (9) 

               𝑥(0) + 𝑔(𝑥) = 𝑥0  
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𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑚𝑎𝑖𝑛 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑜𝑓 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(8).  

𝐻𝑒𝑟𝑒, 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑥(. ) 𝑡𝑎𝑘𝑒𝑠 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛 𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑆𝑝𝑎𝑐𝑒 𝑋 = 𝑅𝑛 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚 |. | ; 

 𝑡ℎ𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝐴 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑠 𝑎 𝑠𝑡𝑟𝑜𝑛𝑔 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑛𝑜𝑡 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑖𝑙𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 𝑇(𝑡) 𝑖𝑛 𝑋. 

𝐴𝑛𝑑 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢(. )𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝐿𝑒𝑏𝑠𝑔𝑢𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝐿2(𝐽, 𝑈); 

𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑆𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 𝑈 𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑆𝑝𝑎𝑐𝑒. 𝐻(𝑡, 𝜃) 𝑖𝑠 𝑎𝑛 

 𝑛𝑥𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑡 𝑎𝑛𝑑 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝜃 𝑜𝑛 [−ℎ ,0] , ℎ > 0  

𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 [𝑡0, 𝑡1] ; 𝑡1 > 𝑡0. 

 𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓: 𝐽𝑥𝑋 → 𝑋 , 𝑔: 𝐶(𝐽, 𝑋) → 𝑋 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 𝐻𝑒𝑟𝑒, 𝑥0 = 𝑥(0) 𝑖𝑠 𝑎 𝑔𝑖𝑣𝑒𝑛 

 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑋 , 𝐶(𝐽, 𝑋) 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 𝐵𝑎𝑛𝑎𝑐ℎ  𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥(. ) ∶ 𝐽 → 𝑋  

 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚 ‖𝑥‖ = 𝑠𝑢𝑝{|𝑥(𝑡)| , 𝑡 ∈ 𝐽}. 

𝑇ℎ𝑒 𝑛𝑜𝑛𝑙𝑜𝑐𝑎𝑙 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑖𝑧𝑒𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛, 𝑤ℎ𝑖𝑐ℎ 

 𝑤𝑎𝑠 𝑚𝑜𝑡𝑖𝑣𝑎𝑡𝑒𝑑 𝑏𝑦 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑝ℎ𝑒𝑛𝑜𝑚𝑒𝑛𝑎. 𝑇ℎ𝑒 𝑝𝑖𝑜𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑤𝑜𝑟𝑘 𝑜𝑛 𝑛𝑜𝑛𝑙𝑜𝑐𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑠 𝑑𝑢𝑒 𝑡𝑜 

 𝑩𝒚𝒔𝒛𝒆𝒘𝒔𝒌𝒊 (𝟏𝟗𝟗𝟏) 𝑓𝑜𝑙𝑙𝑜𝑤𝑒𝑑 𝑏𝑦 𝑭𝒖. 𝑿. 𝑬𝒛𝒛𝒊𝒏𝒃𝒊(𝟐𝟎𝟎𝟑). 

 

2. Preliminaries and Notations 

Consider the following dynamical system(9) given as 

𝑥1(𝑡) = 𝐴𝑥(𝑡) + ∫ [𝑑𝜃𝐻(𝑡, 𝜃)]
0

−ℎ

𝑢(𝑡 + 𝜃) + 𝑓(𝑡, 𝑥(𝑡))                              (11) 

               𝑥(0) + 𝑔(𝑥) = 𝑥0  

𝐼𝑓 𝑇(𝑡, 𝑡0): 𝐵 → 𝐵 , 𝑡 > 𝑡0 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑇(𝑡, 𝑡0)𝜙 = 𝑥𝑡(𝑡0, 𝜙) 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥(𝑡) 𝑜𝑓   

𝑠𝑦𝑠𝑡𝑒𝑚(11)𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝒚𝒕𝟎
= {𝒙𝟎 , 𝒖𝟎} 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑟𝑚 

(𝒔𝒆𝒆 𝑲𝒍𝒂𝒎𝒌𝒂(𝟏𝟗𝟕𝟖)𝒂𝒔 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒆𝒅 𝒊𝒏 𝑲𝒍𝒂𝒎𝒌𝒂(𝟏𝟗𝟖𝟎): 

𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

+ ∫ 𝑇(𝑡 − 𝑠)
𝑡

𝑡0

∫ [𝑑𝜃𝐻(𝑡 , 𝜃)]
0

−ℎ

𝑢(𝑡 + 𝜃)𝑑𝑠                            (12) 

𝑊ℎ𝑒𝑟𝑒 𝑇(𝑡 − 𝑠) 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑙𝑖𝑛𝑒𝑎𝑟 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 



Journal of Medicine, Engineering, Environmental and Physical Sciences (JOMEEPS), Jun-Jul 2023 

 

   

34 
 

𝑥1(𝑡) = 𝐴𝑥(𝑡)                             (13) 

𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 – ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(12)𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 

𝑓𝑜𝑟 𝑡 < 𝑡0 , 𝑎𝑠 𝑤𝑒𝑙𝑙 𝑎𝑠 𝑓𝑜𝑟 𝑡 > 𝑡0. 𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 𝑓𝑜𝑟 𝑡 ∈ [𝑡0 − ℎ , 𝑡0] 𝑒𝑛𝑡𝑒𝑟 

 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝒚𝒕𝟎
 . 𝑇𝑜 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑚 , 𝑡ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑡𝑒𝑟𝑚 𝑜𝑓  

𝑠𝑦𝑠𝑡𝑒𝑚(12) 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦  𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛..Using the Unsymmetric 

Fubini theorem, we have the following equalities:  

𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡

𝑡0

𝐻(𝑙 , 𝜃)𝑢(𝑙 + 𝜃)𝑑𝑙)                            (14) 

⇒ 𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡+𝜃

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢(𝑙 − 𝜃 + 𝜃)𝑑𝑙)                            (15) 

= 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡+𝜃

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢(𝑙)𝑑𝑙)                            (16) 

⇒  𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡+𝜃

𝑡0

𝐻(𝑙 − 𝜃 , 𝜃)𝑢(𝑙)𝑑𝑙)                                 (17) 

𝑊ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑠𝑦𝑚𝑏𝑜𝑙 𝑑𝐻𝜃
𝑑𝑒𝑛𝑜𝑡𝑒𝑠  𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒  𝐿𝑒𝑏𝑒𝑠𝑞𝑢𝑒 − 𝑆𝑖𝑒𝑙𝑡𝑗𝑒𝑠  

𝑠𝑒𝑛𝑒𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝜃 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝐻(𝑙 , 𝜃) . 
Let us introduce the following notation 

𝐻𝑡(𝑙, 𝜃) = {
𝐻(𝑙 , 𝜃), 𝑙 < 𝑡, 𝜃 ∈ 𝑅

0, 𝑙 > 𝑡 , 𝜃 ∈ 𝑅
                                         (18) 

𝑇ℎ𝑢𝑠, 𝑥(𝑡)𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑟𝑚: 

⇒  𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0
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+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡

𝑡0

𝐻𝑡(𝑙 − 𝜃 , 𝜃)𝑢(𝑙)𝑑𝑙)                                 (19) 

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡ℎ𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (19)𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑎 𝑚𝑜𝑟𝑒 

 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑡 𝑓𝑜𝑟𝑚 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (∫ 𝑇(𝑡 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙  
𝑡

𝑡0

                              (20) 

 

𝑁𝑜𝑤 𝑙𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (20) − 𝑡ℎ𝑒 𝑒𝑥𝑎𝑐𝑡 𝑚𝑖𝑙𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(8) 

 𝑓𝑜𝑟 𝑡 = 𝑡1 

𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙  

𝑡1

𝑡0

                              (21) 

 

2.1 BASIC SET FUNCTION AND PROPERTIES. 

 

Definition 2.1.1 (Reachable Set) 

𝑇ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑅(𝑡1 , 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

𝑹(𝒕𝟏 , 𝒕𝟎) = {∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙  

𝑡1

𝑡0

: 𝑢 ∈ 𝑈; |𝑢𝑗| ≤ 1 ; 𝑗 = 1,2, … , 𝑚} 

𝑤ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2([𝑡0 , 𝑡1] , 𝑅𝑚)}. 

 

Definition 2.1.2 (Target Set) 

𝑇ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐺(𝑡1 , 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

𝐺(𝑡1 , 𝑡0) = {𝑥(𝑡1 , 𝑥0 , 𝑢) ∶  𝑡1 ≥ 𝜏 > 𝑡0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑓𝑖𝑥𝑒𝑑  𝜏 ∈ [𝑡0 , 𝑡1]  𝑎𝑛𝑑 𝑢 ∈ 𝑈}. 

 

Definition 2.1.3 (Attainable Set) 
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𝑇ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐴(𝑡1 , 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

𝐴(𝑡1 , 𝑡0) = {𝑥(𝑡1 , 𝑥0 , 𝑢) ∶  𝑢 ∈ 𝑈  ;  |𝑢𝑗| ≤ 1 ; 𝑗 = 1,2, … , 𝑚  } ;  𝑈 = {𝑢 ∈ 𝐿2([𝑡0 , 𝑡1] , 𝑅𝑚)}. 

Definition2.1.4 (Controllability Grammian or Map) 

𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑟 𝑚𝑎𝑝 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑊(𝑡1 , 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑊(𝑡1 , 𝑡0) = ∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) (∫ 𝑇(𝑡1 − 𝑠)

0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃))

𝑇
𝑡1

𝑡0

 

Where T denotes matrix transpose. 

𝑰𝒇    𝒀(𝒕𝟏) = ∫ 𝑻(𝒕𝟏 − 𝒔)
𝟎

−𝒉

𝒅𝜽𝑯𝒕𝟏
(𝒍 − 𝜽 , 𝜽)                          (𝟐𝟐) 

𝑻𝒉𝒆𝒏,    𝑾(𝒕𝟏 , 𝒕𝟎) = ∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎

𝒀𝑻(𝒕𝟏) 𝒂𝒏𝒅          𝑾−𝟏(𝒕𝟏 , 𝒕𝟎) =
𝟏

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

              (𝟐𝟑) 

Definition2.1.5 (Properness) 

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (9)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  [𝑡0 , 𝑡1] 𝑖𝑓 

 𝐶𝑇 ∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃) = 0 𝑎𝑒 , 𝑙 ∈ [𝑡0 , 𝑡1] ⇒ 𝐶 = 0; 𝐶 ∈ 𝑅𝑛. 

𝐼𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑒𝑎𝑐ℎ 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0 , 𝑡1] ; 𝑡1 > 𝑡0 , 𝑤𝑒 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠  

𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑅𝑛. 

Definition2.1.6 (Positive Definite) 

𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑟 𝑚𝑎𝑝 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑊(𝑡1 , 𝑡0) 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 

 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑓 𝑊(𝑡1 , 𝑡0) 𝑣𝑎𝑟𝑛𝑖𝑠ℎ𝑒𝑠 𝑜𝑛𝑙𝑦 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑎𝑛𝑑 𝑊(𝑥) > 0 ,  

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ≠ 0 ; 𝑥 ∈ 𝐷 , 𝑤ℎ𝑒𝑟𝑒 𝐷 = {𝑥 ∈ 𝑅𝑛 ∶  ‖𝑥‖ ≤ 𝑟 ; 𝑟 > 0}  ⊂ 𝑅𝑛. 

 

Definition2.1.7 (Complete Controllability) 

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0 , 𝑡1] 𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 

 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 𝑠𝑡𝑎𝑡𝑒 𝑥1 ∈ 𝑅𝑛, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 

 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 ∈ 𝑈 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥(𝑡1) = 𝑥1 . 
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Definition2.1.8 (Complete State) 

𝑊𝑒 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑏𝑦     𝒛(𝒕) = {𝒙(𝒕) , 𝒖𝒕} 

𝑇ℎ𝑒𝑛, 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡0 𝑖𝑠  𝒛(𝒕𝟎) = {𝒙(𝒕𝟎) , 𝒖𝒕𝟎
} 

Definition2.1.9 (Null Controllability) 

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  [𝑡0 , 𝑡1] 𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 

 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 ∈ 𝐵([𝑡0 , 𝑡1], 𝑅𝑛) , 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑡𝑖𝑚𝑒 𝑡1 ≥ 𝑡0 , 𝑢 ∈ 𝐿2([𝑡0 , 𝑡1] , 𝑃) , 𝑃 𝑎 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 

𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒  𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥(𝑡 , 𝑡0 , 𝜙  , 𝑓) 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

 𝑥𝑡0
(𝑡0 , 𝜙  , 𝑓) = 𝜙  𝑎𝑛𝑑 𝑥(𝑡1 , 𝑡0 , 𝜙  , 𝑓) = 0 

Definition2.1.10 (Relative Controllability) 

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  [𝑡0 , 𝑡1] 𝑖𝑓 

𝐴(𝑡1 , 𝑡0) ∩ 𝐺(𝑡1 , 𝑡0) ≠ 𝜙  , 𝑡1  > 𝑡0 ∈ [𝑡0 , 𝑡1]. 

 

3. MAIN WORK 

The following theorems on controllability of system(9) are  similar to the corresponding  results for linear 

control systems of various types including some with delays and some without delays(see 

Oraekie(2017),Onwuatu(1993),Hermes and La Salle(1963)). 

Theorem 3.1 

The following statements are equivalent: 

(i) 𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑊(𝑡1 , 𝑡0) 𝑜𝑓 𝑠𝑦𝑠𝑒𝑚(9)𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 

     (𝑖𝑖).    𝑆𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒  𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0 , 𝑡1].  𝑡1  > 𝑡0 

      (𝑖𝑖𝑖).  𝑆𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0 , 𝑡1].  𝑡1  > 𝑡0  

Proof 

𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑊(𝑡1 , 𝑡0) 𝑜𝑓 𝑠𝑦𝑠𝑒𝑚(9)𝑖𝑠 𝑛𝑜𝑛𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔  

𝑡ℎ𝑎𝑡 𝑖𝑡 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑛 𝑡𝑢𝑟𝑛 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝐶𝑇𝑜𝑓  𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 

 𝑖𝑛𝑑𝑒𝑥 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑎𝑙𝑚𝑜𝑠𝑡 𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒 , 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝐶 = 0. 
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 𝑖. 𝑒  .  𝐶𝑇 ∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃) = 0 𝑎 𝑒 , 𝑙 ∈ [𝑡0 , 𝑡1] ⇒ 𝐶 = 0; 𝐶

∈ 𝑅𝑛. 𝑇ℎ𝑢𝑠, 𝑠ℎ𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑎𝑡(𝑖)𝑎𝑛𝑑(𝑖𝑖𝑖)𝑎𝑟𝑒  𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡.. 

 𝑁𝑜𝑤 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 

𝐶𝑇 ∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙 = 0 𝑎𝑒 , 𝑙 ∈ [𝑡0 , 𝑡1].

 

𝑡1

𝑡0

 

𝑭𝒐𝒓 𝒆𝒂𝒄𝒉 𝒍, 𝒕𝒉𝒆𝒏  

∫ 𝐶𝑇 (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙

 

𝑡1

𝑡0

=  𝐶𝑇 [∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙

𝑡1

𝑡0

] = 𝟎 

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑖𝑠  𝑡ℎ𝑎𝑡 𝐶 𝑖𝑠 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑹(𝒕𝟏 , 𝒕𝟎).  

𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑛𝑜𝑤, 𝑡ℎ𝑒𝑛  

𝑹(𝒕𝟏 , 𝒕𝟎) = 𝑅𝑛 , 𝑠𝑜𝑡ℎ𝑎𝑡 𝐶 = 0  . 𝑆ℎ𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑎𝑡  (𝑖𝑖) 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 (𝑖𝑖𝑖). 

𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑠𝑜 𝑡ℎ𝑎𝑡  

𝑹(𝒕𝟏 , 𝒕𝟎) = 𝑅𝑛, 𝑡1  > 𝑡0 . 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  𝐶 ≠ 0, 𝐶 ∈ 𝑅𝑛  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

  𝐶𝑇𝑹(𝒕𝟏 , 𝒕𝟎) = 0 

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠 𝑢 ∈ 𝑈 ⊂ 𝐿2([𝑡0 , 𝑡1], 𝑅𝑛) 

 0 =  𝐶𝑇 [∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙

𝑡1

𝑡0

] 

𝐻𝑒𝑛𝑐𝑒, 𝐶𝑇𝑹(𝒕𝟏 , 𝒕𝟎) = 0   𝑎 𝑒 , 𝑙 ∈ [𝑡0 , 𝑡1], 𝐶 ≠ 0.  

𝑇ℎ𝑖𝑠 𝑠𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛, 𝑖𝑚𝑝𝑙𝑖𝑒𝑠𝑡ℎ𝑎𝑡 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑟𝑜𝑝𝑒𝑟 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑠𝑖𝑛𝑐𝑒 

 𝐶 ≠ 0. 𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [𝑡0 , 𝑡1] 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦  

𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒.  

Theorem 3.2 

𝐴𝑠𝑠𝑢𝑚𝑒 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (9) 𝑡ℎ𝑎𝑡:  

 (𝑖). 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡 𝑈 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑛. 
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 (𝑖𝑖). 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(6) 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠  𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒. 

𝑖. 𝑒. ‖𝑥(𝑡 , 𝑡0, 𝜙 ,0 )‖ ≤ 𝑀𝑒−𝛿(𝑡−𝑡0)‖𝜙‖ , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0, 𝑀 > 0. 

 (𝑖𝑖𝑖). 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 − (𝑠𝑦𝑠𝑡𝑒𝑚(5)), 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑅𝑛. 

 (𝑖𝑣). 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

|𝑓(𝑡 , 𝑥(. ), 𝑢(. ))| ≤ 𝑒𝑥𝑝(−𝑁𝑡)𝜋(𝑥(. ), 𝑢(. )), 𝑓𝑜𝑟 𝑎𝑙𝑙 (𝑡 , 𝑥(. ), 𝑢(. )) ∈ [𝑡0 ,∞)𝑥𝐸𝑥𝐿2 , 

𝑤ℎ𝑒𝑟𝑒 ∫ 𝜋(𝑥(𝑠), 𝑢(𝑠))𝑑𝑠
∞

𝑡0

≤ 𝜆 < ∞ 𝑎𝑛𝑑 𝑁 − 𝛿 ≥ 0 , 𝑡ℎ𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 

 

Proof 

𝐵𝑦 (𝑖𝑖𝑖) − 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑏𝑎𝑠𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 (𝑠𝑦𝑠𝑡𝑒𝑚(5)), 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓  

𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑠𝑎𝑦 𝑊−1(𝒕𝟏 , 𝒕𝟎) 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒 𝑡1 > 𝑡0.  𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 

 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥 𝑎𝑛𝑑 𝑢 𝑓𝑜𝑟𝑚 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠: 

𝑢(𝑡) = − [∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)]

𝑇

𝑊−1(𝒕𝟏 , 𝒕𝟎) [𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)] 

 

Substituting equation (22) and (23) into the above, we have 

𝑢(𝑡) =
−𝒀𝑻(𝒕𝟏)

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

[𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                                (24) 

𝑥(𝑡) = 𝑇(𝑡)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (∫ 𝑇(𝑡 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙  
𝑡

𝑡0

                              (25) 
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𝑥(𝑡) = 𝜙(𝑡), 𝑡 ∈ [𝑡0 − 𝜆 , 𝑡0]. 

𝑇ℎ𝑒𝑛 𝑢 𝑖𝑠 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑜𝑛 [𝑡0 , 𝑡1] 𝑎𝑛𝑑 𝑥 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(9)𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑢  

𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑠𝑡𝑎𝑡𝑒 𝑥(𝑡0) = 𝜙.  

𝐴𝑙𝑠𝑜, 𝑢𝑠𝑖𝑛𝑔 𝑢 𝑎𝑠 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (24), 𝑤𝑒 ℎ𝑎𝑣𝑒 

𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃))

−𝒀𝑻(𝒕𝟏)

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

[𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                              (26) 

𝑩𝒖𝒕 𝒀(𝒕𝟏) = ∫ 𝑻(𝒕𝟏 − 𝒔)
𝟎

−𝒉

𝒅𝜽𝑯𝒕𝟏
(𝒍 − 𝜽 , 𝜽), 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒘𝒆 𝒉𝒂𝒗𝒆 

𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (𝒀(𝒕𝟏)) (
−𝒀𝑻(𝒕𝟏)

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

) [𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                              (27) 

⇒  𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

− (
∫ 𝒀(𝒕𝟏)𝒀𝑻(𝒕𝟏)

𝒕𝟏

𝒕𝟎

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

) [𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                            (28) 

⇒  𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0
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+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

− 𝟏 [𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                            (29) 

⇒  𝑥(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

− [𝑇(𝑡1)(𝑥0 − 𝑔(𝑥))] − ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

− ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙) = 0  .    

 

𝐼𝑡 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢: [𝑡0 , 𝑡1] → 𝑈 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙.  
𝑇ℎ𝑎𝑡 𝑖𝑠 , 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑢: [𝑡0 , 𝑡1] → 𝑈  𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 

 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚. 𝑇ℎ𝑎𝑡 𝑖𝑠 |𝑢| ≤ 𝛿1  , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝛿1 > 0.  
𝐵𝑦(𝑖𝑖)𝑜𝑓 𝑡ℎ𝑒𝑜𝑟𝑒𝑚3.2, 𝑤𝑒 ℎ𝑎𝑣𝑒 

|[∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)]

𝑇

𝑊−1(𝒕𝟏 , 𝒕𝟎)|  < 𝜆1 

𝑖. 𝑒     ;  |
𝒀𝑻(𝒕𝟏)

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

|  < 𝜆1  , for some 𝜆1 > 0 𝑎𝑛𝑑 

| 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)]| ≤ 𝜆2exp(−𝛿(𝑡1 − 𝑡0))    , for some constant 𝜆2 > 0 

𝐻𝑒𝑛𝑐𝑒, 

|𝑢(𝑡)| ≤ 𝜆1[𝜆2𝑒𝑥𝑝(−𝛿(𝑡1 − 𝑡0))] ∫ 𝜆3𝑒𝑥𝑝[−𝛿(𝑡1 − 𝑠)𝑒𝑥𝑝(−𝑁𝑠)𝜋(𝑥(. ), 𝑢(. ))𝑑𝑠]
𝑡1

𝑡0

 

Thus, 

|𝑢(𝑡)| ≤ 𝜆1[𝜆2𝑒𝑥𝑝(−𝛿(𝑡1 − 𝑡0))] + 𝜆𝜆3𝑒𝑥𝑝(−𝛿𝑡1)                           (30) 

𝑠𝑖𝑛𝑐𝑒 𝑁 − 𝛿 ≥ 0 𝑎𝑛𝑑 𝑠 ≥ 𝑡0 ≥ 0. 

 𝐻𝑒𝑛𝑐𝑒, 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡  𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑙𝑎𝑟𝑔𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 

|𝑢(𝑡)| ≤ 𝛿1    , 𝑡 ∈ [𝑡0 , 𝑡1] , 𝑠ℎ𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑢 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
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𝐹𝑖𝑛𝑎𝑙𝑙𝑦, 𝑤𝑒 𝑛𝑜𝑤 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠(24)𝑎𝑛𝑑(25). 

 𝐿𝑒𝑡 𝐸 𝑏𝑒 𝑡ℎ𝑒 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑙𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 (𝑥, 𝑢): [𝑡0 − ℎ , 𝑡1]𝑥[𝑡0 − ℎ , 𝑡1] → 𝑅𝑛𝑥𝑅𝑚, 

 𝑤ℎ𝑒𝑟𝑒 𝑥 ∈ 𝑬([𝒕𝟎 − 𝒉 , 𝒕𝟏] , 𝑹𝒏) ; 𝑢 ∈ 𝑳𝟐([𝒕𝟎 − 𝒉 , 𝒕𝟏] , 𝑹𝒎) 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 

‖(𝑥 , 𝑢)‖ = ‖𝑥‖2 + ‖𝑢‖2 

𝑤ℎ𝑒𝑟𝑒 , ‖𝑥‖2 = √∫ |𝑥(𝑠)|2
𝑡1

𝑡0−ℎ

𝑑𝑠 ;   , ‖𝑢‖2 =  √∫ |𝑢(𝑠)|2
𝑡1

𝑡0−ℎ

𝑑𝑠 

𝑊𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑡ℎ𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑇 𝑏𝑦  𝑇: 𝐸 → 𝐸 𝑏𝑦 𝑇(𝑥 , 𝑢) = (𝑦 , 𝑣)  , 𝑤ℎ𝑒𝑟𝑒  

𝑣(𝑡1) =
−𝒀𝑻(𝒕𝟏)

∫ 𝒀(𝒕𝟏)
𝒕𝟏

𝒕𝟎
𝒀𝑻(𝒕𝟏)

[𝑇(𝑡1)(𝑥0 − 𝑔(𝑥)) + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)]                                (24) 

𝐴𝑛𝑑 𝑣(𝑡) = 𝜔(𝑡)  , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 ∈ [𝑡0 − 𝜆 , 𝑡0] 

𝑦(𝑡1) = 𝑇(𝑡1)[𝑥0 − 𝑔(𝑥)] + ∫ 𝑇(𝑡1 − 𝑠)𝑓(𝑠 , 𝑥(𝑠))𝑑𝑠
𝑡1

𝑡0

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑇(𝑡1 − 𝑠)
𝑡0

𝑡0+𝜃

𝐻(𝑙 − 𝜃 , 𝜃)𝑢𝑡0
(𝑙)𝑑𝑙)         

+ ∫ (∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)) 𝑢(𝑙)𝑑𝑙  

𝑡1

𝑡0

                              (25) 

𝑦(𝑡) = 𝜙(𝑡), 𝑡 ∈ [𝑡0 − 𝜆 , 𝑡0]. 

𝑊𝑒 ℎ𝑎𝑣𝑒 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑠ℎ𝑜𝑤𝑛 𝑡ℎ𝑎𝑡 |𝑢(𝑡)| ≤ 𝛿1  , 𝑡 ∈ 𝐽 = [𝑡0 , 𝑡1]  𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

 𝑣 ∶  [𝑡0 − ℎ , 𝑡0] → 𝑈 , 

 𝑤𝑒 ℎ𝑎𝑣𝑒  |𝑣(𝑡)| ≤ 𝛿1  . 𝐻𝑒𝑛𝑐𝑒,  ‖𝑥‖2 ≤ 𝛿1(𝑡0 + ℎ − 𝑡0)
1
2 = 𝑁0. 

𝐴𝑔𝑎𝑖𝑛, |𝑦(𝑡)| ≤ 𝜆2𝑒𝑥𝑝[−𝛿(𝑡1 − 𝑡0)] + 𝜆4 ∫ |𝑣(𝑠)|
𝑡1

𝑡0

𝑑𝑠 + 𝜆𝜆3𝑒𝑥𝑝(−𝛿𝑡1), 𝑤ℎ𝑒𝑟𝑒 

 𝜆4 = 𝑠𝑢𝑝 |∫ 𝑇(𝑡1 − 𝑠)
0

−ℎ

𝑑𝜃𝐻𝑡1
(𝑙 − 𝜃 , 𝜃)|. 

𝑆𝑖𝑛𝑐𝑒 𝛿 > 0 , 𝑡1 ≥ 𝑡0 ≥ 0  , 𝑤𝑒 𝑑𝑒𝑑𝑢𝑐𝑒 𝑡ℎ𝑎𝑡  

|𝑦(𝑡)| ≤ 𝜆2 + 𝜆4𝛿(𝑡1 − 𝑡0) + 𝜆𝜆3 = 𝑁1   , 𝑡 ∈ [𝑡0 , 𝑡1].  
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𝑎𝑛𝑑  , |𝑦(𝑡)| ≤ sup|𝜙| = β , t ∈ [𝑡0 − 𝑟 , 𝑡0]. 

Hence, if     M = max[𝑁1, 𝛽], then , ‖𝑦‖2 ≤ 𝑀(𝑡0 + ℎ − 𝑡0)
1
2 = 𝑁2 < ∞.  

Let ρ = max[𝑁0 , 𝑁2] . 

Then , if  G(𝜌) = {(𝑥 , 𝑢) ∈ 𝐸 ∶  ‖𝑥‖2 ≤ 𝜌 , ‖𝑢‖2 ≤ 𝜌  } , we have thus shown that the 

 operator T maps G into its self.   i. e, T ∶ G(𝜌) → G(𝜌). 

𝑆𝑖𝑛𝑐𝑒 𝐺(𝜌)𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥, 𝑏𝑦  𝑹𝒊𝒆𝒔𝒛 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝑎𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝐊𝐚𝐧𝐭𝐨𝐫𝐨𝐯𝐢𝐜𝐚 

, 𝐋. 𝐕 𝐚𝐧𝐝 𝐆. 𝐏. 𝐀𝐤𝐢𝐥𝐨𝐯 (𝟏𝟗𝟖𝟐), 𝒑𝟐𝟗𝟕, 𝑎𝑛𝑑 𝑶𝒓𝒂𝒆𝒌𝒊𝒆(𝟐𝟎𝟏𝟕) . 𝑶𝒏𝒘𝒖𝒂𝒕𝒖 (𝟏𝟗𝟗𝟑) 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 

 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑇 . 𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑆𝑐ℎ𝑎𝑢𝑑𝑒𝑟𝑠 ′𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑚𝑝𝑙𝑖𝑒𝑠  

𝑡ℎ𝑎𝑡 𝑇 ℎ𝑎𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(9) 𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 

 

𝟒 . 𝑪𝑶𝑵𝑪𝑳𝑼𝑻𝑰𝑶𝑵 

The Set Functions upon which our studies hinged are also extracted from the mild solution 

which we cultivated. Necessary and Sufficient Conditions for the null controllability of the 

Semi linear differential systems with distributed delays in the control have been derived. 

These conditions are given with respect to the controllability of the linear controlled base 

system of system(9) and the uniformly asymptotic stability of the uncontrolled linear system 

of the system(9),assuming that the perturbation f satisfies some smoothness and growth 

conditions. These results extended known results in the literature. 
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