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ABSTRACT

A new method of approach is derived for the proof of the existence of an optimal
control for Neutral Integrodifferential Systems in Banach Spaces with Distributed
Delays in the Control, using the properties of optimal control energy function. The
set functions upon which our studies hinged were extracted from the mild solution of
the system. Use was also made of the unsymmetric Fubini theorem to establish the
mild solution. Necessary and sufficient conditions for an admissible control to be an
optimal control are established.

Keywords: Optimal control, uniqueness, controllability, controllability grammian, set
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INTRODUCTION:

The pioneering work of Vito Volterra on the integration of the differential equations
of dynamics and partial differential dynamical systems published in 1884 gave vent
to the conception of integral equations of the volterra type (Oconnor and et al
(2005);Oraekie(2014)). It is equally observed in Balachandran and Dauer (1989);
Oraekie (2017) that the mixed initial boundary hyperbolic partial differential
equation which arises in the study of Lossless transmission lines can be replaced by
an associated neutral differential equation. This equivalence has been the basis of a
number of investigations of the stability properties of distributed networks. (see
Balachandran and Dauer (1997) and Oraekie(2015)).

The problem of controllability of linear and nonlinear systems represented by
ordinary differential equation in finite dimensional space has been extensively
studied. Many authors have extended the controllability concept to infinite
dimensional systems in Banach spaces with bounded operators (see Naito (1989)).
Naito has studied the controllability of semi linear systems. Yamamoto and Park
(1990) discussed the same problem for parabolic equation with uniformly bounded
nonlinear term. While Chukwu and Lenhart (1991) studied the controllability of
nonlinear systems in abstract spaces. Quinn and Carmichael (1984) showed that
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the controllability problem in Banach space can be converted into a fixed pointed
theorem problem for a single-valued mapping. Balachandran (1996,
1998);0raekie(2017) had studied the controllability and local null controllability of
Sobolve type integrodifferential systems and functional differential systems in
Banach spaces by using Schauders fixed point theorem.

The purpose of this paper is to investigate the uniqueness of the optimal
controllability of the abstract neutral functional integrodifferential systems with
distributed delays in the control of the form.

0

¢
%[x(t) —g(t,x))]+A)x(t) = ff(s, Xs)ds + f(ds D(s,m)u(s+7r) (1.1)
0 “h

x(to) = xo =0 €B, te[0,a]l=T
where B is the phase space, the state variable x(.) takes values in Banach space X and the
control function u(.) is givenin L, (J,U) (Where |uj| <1, j=12,.. ),
the Banach space of admissible control functions with u a Banach space. D

is a bounded linear operator from U into X, the unbounded linear operators - A generates
an analytic semi group and f,g € JxB — X are appropriate functions.

2.0 Preliminaries and Definitions
Throughout this work X will be a Banach space with norm || || ,—A:D(A) » X
will be the infinitesimal generator of a compact analytic semigroup of uniformly bounded
linear operator T(t).Let 0ep(A), then it is possible to define the fractional power A%,
for 0 < a < 1,as aclosed linear operator on its domain D (A%).
To study the system (1.1), we assume that the histories
Xp: (—0,0) - X, x:(0) = x(t + 0)
belong to some abstract phase space B,which is defined axiomatically.
Thus, B will be a linear space of functions mapping (—oo, 0] into X, endowed with a norm || || .
Let us assume that B satisfies the following axioms:

D.If x:[a,a +a] » X, a > 0,is continuous on [a,a + aland x, € B, then for
every time T € [a,a + a] the following conditions hold:

(@) x;isinB;
®) [x®O[ <k x|,
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(© ||xf||B <H(t - a)sup{" x(s) || a<s<t}+M(-a) ||xa ||B.
Here ,k > 0is a constant, H,M: [0, ) — [0, o).
H is continuous and M is locally bounded, and K, H, M are independent of x(7).

(d) For the function x (.) in (1), x; is a B — valued continuous function on
[a,a + a];
(2)The space B is a complete space.
Now we can give basic assumptions on the system (1.1).
(i) g:10,alx B = x is a continuous function, and there exists a
constant 1 € (0,1) and P,P, > 0,such that the function g is
X; — valued and satisfies the lipschitz condition:

|4%g (t1,81) — Atg (t2,@2) || < P(lty - ta] + 1181 — B;ll5)
For0 < t;,t; < a; 0,,0, € B,and the inequality
|4* g &, ®)|| <P, (1915 + 1) holds fort € ] = [0,a],® € B.

(3) The function f:[0,a]xB — X satisfies the following conditions:
(i) For eacht € ],the function f(t,.):B = X is continuous and for each @ € B,
the function f(.,0):] = X is strongly measurable,
(ii) For each positive number n ,there is a positive function a,€ L,([0, a]) such that
sup If (&, D)l < an(t)

19l <n
and

n — oo

at

liminf Hffa”(s)ds dt = y< o
00

(4) The linear operator W from U into X is defined by

0
Wu = JOT(t—s) _'[ldSC(s,l) u(s + Dds

and there exists a bounded invertible operator w™! defined in L, (J; U)/ ker w.,
where C is a bounded linear operator.
2.01: Variation of parameters
The function x(.): (—oo,a] = X is a solution of system (1.1) if x, = @,
then the restriction of x(.)to the interval [0, a] is continuous and for each
0<t<a, the function AT(t —s)g (s,xs),s € [0, t]is integrable and

the following integral equation is the required solution of system (1.1).
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x(t) =T(®)[B(0) — g(0,®)] + g(t, xt) — fAT(t —5)g(s,x5)ds

t

0 S
+ fT(t —5) f(ds C(s,Du(s+0D+ Jf(r, xy)dt|ds,t €] ... e (2.1)
Zh 0

0

t

21) = x(t) =T)[0(0) — g(0,0)] + g(t, x;) — jAT(t —5)g(s, x5) ds

0

t 0 t

+ | T(t=s)| | (dsC(s,Du(s+D|ds+ | T(t—5) [ f(z, x1)dT] ] ds ... (2.2)
Jre=2|] re=2|]

0

The fourth term in the right — hand side of system (2.2)contains the values of the
control u(t) for t < 0,as well as fort < 0.
The values of the control u(t) fort € [0 — h, 0] enter into the definition of the initial
complete state z;,.
To separate them, the fourth term of system (2.2)must be transformed by changing the
order of integration.Using the unsymmetric Fubini theorem, we have the following equalities:

t

x(6) = T(O[B(0) — g(0, )] + g(t, %) f AT(t = $)g(s, x;)ds

0

0 t t s
+ | dsC T(t—s)C(s,Du(s+Dds | + | T(t—ys) [ f(r, x,)d‘r] ds ........(2.3))
)] Jre=o}]
=T()[0(0) —g(0,0)] + g(t,xt) — fAT(t —5)g(s,x5)ds + f T(t—-s) [ ff(r, xr)dT] ds
0 0 0

t+l

+ | dsC T(t—5s)C(s—=1LDu(s—1+1Dds
Jeetd

0+1

t t N

=T)[0(0) —g(0,0)] + g(t,x;) — fAT(t —5)g(s,x5)ds + f T(t—s) ff(r, x)dt ds

0 0

0

+ | dsC T(t—s)C(s—1,Duy(s)ds
peet)

0+l
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t+l

+ f ds C f Tt—s)C(s—LDu(s)ds) | .......nu. (2.4)
“h

0

where dcs denotes that the integration is in the Lebesque — Stielties sense with
respect to the variable s inthe function C(s,1).
Let us introduce the following notation:

C(s,Dfors<tle R} ......... e (25)

C(S'D={0 for s>t, l€R

Hence x(t) can be expressed in the following form:
x(t) =T@)[0(0) — g(0,0)] + g(t, xt) — fAT(t —5)g(s, x5 )ds

0

t

s 0
+JT(t_S)Ojf(T’xT)dT ds +_[l ds C JT(t—s)C(s—l,l)uo(s)ds

0

0

0+l

0 t
+ deC fT(t—s)C(s—l,l)u(s)ds) v oo (2.6)
—-h 0

Using again the unsymmetric Fubini theorem, the equality (2.6)can be rewritten in more

convenient form as follows:
t

x(t) = T(O[P(0) — g(0,D)] + g(t, x,) — fAT(t —5)g(s, x5 )ds

0

t

N 0
+JT(t—s)0Jf(T,xT)drds +_Jh ds C fT(t—s)Cs—l,l)uo(s)ds

0 l

0

t 0

+f fT(t—s)dSC(s— L Du(s)ds (2.7)

0 —h

Now let us consider the solution x(t) of system (1.1) fort =t; = a.

t1

x(t) =T®)[B(0) — g(0,0)] + g(t:,x¢,) — f AT(t1—s) g(s,xs) ds

0
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t

+ fT(t—s)bff(r,xT )dt ds+_fh ds C fT(t—s)C(s—l, Duy(s)ds

0

0 0+1
t1 0
+ f f T(t, — )dsC(s — L, Du(s)ds (2.8)
0 -h

Consider system (2.7), for brevity, let,
t

Bt) =T()[@(0) —g(0,0)] + g(t,x;) — fAT(t —95)g(s,xs)ds ... (2.9)

0

t

s 0 0
u(t) = jT(t—s)jf(r,xT)dT ds + fdcs( jT(t—s)C(s—l, Duy(s)ds (2.10)
0 “h

0 0+!

0

z(t,s) = jT(t—s)dS Cs=LD ... (2.11)

—h

Substituting (2.9), (2.10), (2.11)in (2.7), we have a precise variation of constant formula

for system (1.1) as
t

x(t,xo,u) = p(t) +u(t) + fz(t,s)u(s)ds (2.12)

0

Definition2.1 (Complete State)
The complete state for system (1.1) is given by the set g(t) = {x, u;}.

Definition 2.2 (Relative Controllability)

The system (1.1)is said to be relatively controllable on [0, alif for every initial complete
state g(0)and x; € X,there exists a control function u(t) defined on [0, a] such that

the solution of system (1.1) satisfies x(t;) = x;.

2.02: Basic Set Functions and Properties.
Definition 2.3 (Reachable set)
The reachable set for the system (1.1) is given as

tiJT o
R(tO,O)z{f fT(tl—s)dSC(s—l,l)] u(s)ds
0 -h
Where U = {u € L, ([0,a; X): || <.1;j=1,2,......,m}

Definition 2.4 (Attainable set)
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The attainable set for the system (1.1)is given as :
A(t,0) = {x(t,xo,u):u € U}, WhereU = {u € L, ([0, a]; X): |uj| <.L;j=1,2,.....,m}

Definition 2.5 (Target set)
The target set for system (1.1)denoted by G(t;,0)is given as:

G(t1,0) ={x(t,xg,u):ty =27 >0for fixedTtrand u e U

Definition 2.6 (Controllability grammian
The controllability grammian of the system (1.1)is given as:

ty 0 0 T
W(tl,O)zf fT(tl—s)dSC(s—l,l) fT(tl—s)dSC(s—l,l)
0 —-h -h

Where T denotes matrix transpose.

2.03: Relationship Between the Set Functions
We shall first establish the relationship between the attainable set and the reachable set
to enable us see that once a property has been proved for one set,then it is applicable to
the other.
From equation (2.7),

A(t,0) =n(t) + R(t,0)] ,for €U, t €[0,a],

Where n(t) = B(t) + u(t).

This means that the attainable set is the translation of the reachable set through

n € X.

Using the attainable set, therefore, it is easy to show that the set functions possess the
properties of convexity, closeness and compactness.

Also, the set functions are continuous on [0, ©]to the metric space of compact subject of
X = E™. Chukwu (1988)and Gyori (1982)give impetus for adaptation of the

proof's of these properties for system (1.1).

Definition 2.7 (Properness)
The system (1.1)is proper in X = E™ on [0, a]if span R(t,0) = X = E"
i.eif
0
cT fT(t—s)dS Cs—1,D|=0 a.e.
“h
a>0=>C=0;CeEX=E"

3. Main Results
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Here,a new method of approach is derived for the proof of the existence of optimal control.
Theorem 3.1

Consider the system (1.1) given as :
0

d [x(t) gt x: )]+ At)x(t) = ff(s Xs)ds + J(ds C(s,Du(s+1) . ...(3.1D)
with its standing hypothesis. "

Suppose u* is the optimal control of the system (3.1),then it is unique.
Proof:

Let u* and v* be optimal controls for the system (3.1),the u* and v* maximize
tf o

CTf j-T(t—s)dSCA’(s—l,l) ,  forte€]0,a], a>0.
0 [-n
over all admissible controls u € U,and so we have the inequality with
u* as the optimal control given below:

t t* 0
f fT(t —5)dsC(s —1,D)|u(s)ds < CTJ JT(t —8)dsC(s —1,D)|u*(s)ds (3.2)
o I

Also,usingv™ as the optimal control,we have
CTf[fT(t—s)dsC(s [,D|u(s)ds
< CTf [fT(t—s)dsC(s—l D|u*(s)ds (3.3)

Taking maximum of u over [—1,1], the range of definition of u”in (3.2)and (3.3),
we have the equation

t
CTf fT(t —8)dsC(s —1,))|max|u(s)|ds, for —1<s<1.
o L=

*

CTJ JT(t —5)dsC(s —1,D)|u*(s)ds, foru* €U oo (3.4)
0

“h
Also

t
CTf fT(t —8)dsC(s —1,D)|max|u(s)|ds, for —1<s<1.
o L=
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[ o
= CTf fT(t —8)dsC(s —1,D|v*(s)ds, forv* €U (3.5)
o [-n
foru,v* €U, v* being optimaland —1<s < 1.

Subtracting equation (3.5) from (3.4,we have

&7 o
0= CTf lfT(t—s)dSé(s—l,l) {u*(s) —v*(s)} ds
o

(since system (3.1) is controllable or proper).
= ux(s)—vx(s)=0
= ux*x(s) =v=*(s)

This establishes that optimal control is unique.

4. CONCLUSION

In this work, Neutral Functional Integro-differential systems in Banach spaces with
Distributed Delays in the control were presented for optimal controllability analysis.

We established that an admissible control energy function of Neutral Functional Integro-
differential systems in Banach spaces with Distributed Delays in the control is optimal control
energy function of the system if and only if it is unique

The establishment of this uniqueness property of an optimal control energy function provides
a new approach to proving the existence of an optimal control energy function of our system
of interest..
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