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ABSTRACT 

A new method of approach is derived for the proof of the existence of an optimal 

control for Neutral Integrodifferential Systems in Banach Spaces with Distributed 

Delays in the Control, using the properties of optimal control energy function. The 

set functions upon which our studies hinged were extracted from the mild solution of 

the system. Use was also made of the unsymmetric Fubini theorem to establish the 

mild solution. Necessary and sufficient conditions for an admissible control to be an 

optimal control are established. 

Keywords: Optimal control, uniqueness, controllability, controllability grammian, set 
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INTRODUCTION: 

The pioneering work of Vito Volterra on the integration of the differential equations 

of dynamics and partial differential dynamical systems published in 1884 gave vent 

to the conception of integral equations of the volterra type (Oconnor and et al 

(2005);Oraekie(2014)).  It is equally observed in Balachandran and Dauer (1989); 

Oraekie (2017) that the mixed initial boundary hyperbolic partial differential 

equation which arises in the study of Lossless transmission lines can be replaced by 

an associated neutral differential equation.  This equivalence has been the basis of a 

number of investigations of the stability properties of distributed networks. (see 

Balachandran and  Dauer (1997) and Oraekie(2015)). 

The problem of controllability of linear and nonlinear systems represented by 

ordinary differential equation in finite dimensional space has been extensively 

studied.  Many authors have extended the controllability concept to infinite 

dimensional systems in Banach spaces with bounded operators  (see Naito (1989)).  

Naito has studied the controllability of semi linear systems.  Yamamoto and Park 

(1990) discussed the same problem for parabolic equation with uniformly bounded 

nonlinear term.  While  Chukwu and Lenhart (1991) studied the controllability of 

nonlinear systems in abstract spaces.  Quinn and Carmichael (1984) showed that 
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the controllability problem in Banach space can be converted into a fixed pointed 

theorem problem for a single-valued mapping. Balachandran (1996, 

1998);Oraekie(2017) had studied the controllability and local null controllability of 

Sobolve type integrodifferential systems and functional differential systems in 

Banach spaces by using Schauders  fixed point  theorem. 

The purpose of this paper is to investigate the uniqueness of the optimal 

controllability of the abstract neutral functional integrodifferential systems with 

distributed delays in the control of the form. 

 

𝑑

𝑑𝑡
[𝑥(𝑡) − 𝑔(𝑡, 𝑥𝑡  )] + 𝐴(𝑡)𝑥(𝑡) = ∫ 𝑓(𝑠, 𝑥𝑠

𝑡

0

)𝑑𝑠 +  ∫(𝑑𝑠

0

−ℎ

𝐷(𝑠, 𝑟)𝑢(𝑠 + 𝑟)             (1.1) 

𝑥(𝑡𝑜) =  𝑥0  = ∅ ∈ 𝐵, 𝑡 ∈ [0, 𝑎] = 𝑇      
𝑤ℎ𝑒𝑟𝑒 𝐵 𝑖𝑠 𝑡ℎ𝑒 𝑝ℎ𝑎𝑠𝑒 𝑠𝑝𝑎𝑐𝑒, 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑥(. ) 𝑡𝑎𝑘𝑒𝑠 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑋 𝑎𝑛𝑑 𝑡ℎ𝑒 

 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢(. ) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑖𝑛  𝐿2 (𝐽, 𝑈) (𝑤ℎ𝑒𝑟𝑒 |𝑢𝑗| ≤ 1, 𝑗 = 1, 2, … … . ), 

 𝑡ℎ𝑒 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ  𝑢  𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒.  𝐷 
 𝑖𝑠 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑓𝑟𝑜𝑚  𝑈 𝑖𝑛𝑡𝑜 𝑋, 𝑡ℎ𝑒 𝑢𝑛𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 – 𝐴 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑠 

 𝑎𝑛 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑠𝑒𝑚𝑖 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑓, 𝑔 ∈ 𝐽𝑥𝐵 → 𝑋 𝑎𝑟𝑒 𝑎𝑝𝑝𝑟𝑜𝑝𝑟𝑖𝑎𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠. 
 

 

𝟐. 𝟎   𝑷𝒓𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒓𝒊𝒆𝒔 𝒂𝒏𝒅 𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏𝒔 

𝑇ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 𝑡ℎ𝑖𝑠 𝑤𝑜𝑟𝑘 𝑋 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑡ℎ 𝑛𝑜𝑟𝑚 ║.║, −𝐴: 𝐷(𝐴) → 𝑋   

 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑠𝑖𝑚𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝑎 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑏𝑜𝑢𝑛𝑑𝑒𝑑  

𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑇(𝑡). 𝐿𝑒𝑡 0𝜖𝜌(𝐴), 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑒 𝑡ℎ𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 𝐴𝛼 , 

 𝑓𝑜𝑟 0 < 𝛼 ≤ 1, 𝑎𝑠 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛 𝑖𝑡𝑠 𝑑𝑜𝑚𝑎𝑖𝑛 𝐷(𝐴𝛼).  

𝑇𝑜 𝑠𝑡𝑢𝑑𝑦 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1), 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 ℎ𝑖𝑠𝑡𝑜𝑟𝑖𝑒𝑠 

   𝑥𝑡: (−∞, 0) → 𝑋, 𝑥𝑡(𝜃) = 𝑥(𝑡 + 𝜃)   

𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑠𝑜𝑚𝑒 𝑎𝑏𝑠𝑡𝑟𝑎𝑐𝑡 𝑝ℎ𝑎𝑠𝑒 𝑠𝑝𝑎𝑐𝑒 𝐵, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑥𝑖𝑜𝑚𝑎𝑡𝑖𝑐𝑎𝑙𝑙𝑦.  

𝑇ℎ𝑢𝑠, 𝐵 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 (−∞, 0] 𝑖𝑛𝑡𝑜 𝑋, 𝑒𝑛𝑑𝑜𝑤𝑒𝑑 𝑤𝑖𝑡ℎ 𝑎 𝑛𝑜𝑟𝑚 ║.║
𝐵

. 

 𝐿𝑒𝑡 𝑢𝑠 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝐵 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑥𝑖𝑜𝑚𝑠: 

(1). 𝐼𝑓 𝑥: [𝛼, 𝛼 + 𝑎] → 𝑋, 𝑎 > 0, 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛  [𝛼, 𝛼 + 𝑎]𝑎𝑛𝑑  𝑥𝛼 ∈ 𝐵, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟  
 

  𝑒𝑣𝑒𝑟𝑦 𝑡𝑖𝑚𝑒 𝜏 ∈ [𝛼, 𝛼 + 𝑎] 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 ℎ𝑜𝑙𝑑: 
 

(a)  𝑥𝑡  𝑖𝑠 𝑖𝑛 𝐵; 

(b) ║𝑥(𝑡)║ ≤ 𝑘 ║𝑥𝜏║𝐵
 ; 
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(c) ║𝑥𝜏║𝐵
≤ 𝐻(𝜏 − 𝛼)𝑠𝑢𝑝{║ 𝑥(𝑠)║: 𝛼 ≤ 𝑠 ≤ 𝜏 } + 𝑀(𝜏 − 𝛼)║𝑥𝛼║𝐵

.   

𝐻𝑒𝑟𝑒 , 𝑘 > 0 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 𝐻, 𝑀: [0, ∞) → [0, ∞).                

  𝐻 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑  𝑀 𝑖𝑠 𝑙𝑜𝑐𝑎𝑙𝑙𝑦 𝑏𝑜𝑢𝑛𝑑𝑒𝑑, 𝑎𝑛𝑑 𝐾, 𝐻, 𝑀 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑥(𝜏). 

(d)  𝐹𝑜𝑟 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 (. ) 𝑖𝑛 (1), 𝑥𝑡 𝑖𝑠 𝑎 𝐵 − 𝑣𝑎𝑙𝑢𝑒𝑑 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑛 
[𝛼, 𝛼 + 𝑎]; 

(2)𝑇ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝐵 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑝𝑎𝑐𝑒.  
𝑁𝑜𝑤 𝑤𝑒 𝑐𝑎𝑛 𝑔𝑖𝑣𝑒 𝑏𝑎𝑠𝑖𝑐 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑡ℎ𝑒   𝑠𝑦𝑠𝑡𝑒𝑚 (1.1). 

(i) 𝑔: [0, 𝑎]𝑥 𝐵 → 𝑥 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 
 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝜆 ∈ (0,1) 𝑎𝑛𝑑 𝑃, 𝑃1  > 0, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑔 𝑖𝑠 

 𝑋𝜆 −  𝑣𝑎𝑙𝑢𝑒𝑑 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑙𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛: 
 

‖𝐴𝜆𝑔 (𝑡1, ∅1)  −  𝐴𝜆𝑔 (𝑡2, ∅2) ‖ ≤ 𝑃(|𝑡1 –  𝑡2| +  ‖∅1  −  ∅2‖𝐵) 

𝐹𝑜𝑟 0 ≤  𝑡1 , 𝑡2 ≤  𝑎 ;  ∅1 , ∅2 ∈ 𝐵, 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 
 ‖𝐴𝜆 𝑔 (𝑡, ∅)‖  ≤ 𝑃1 (‖∅‖𝐵  +  1) ℎ𝑜𝑙𝑑𝑠 𝑓𝑜𝑟 𝑡 ∈ 𝐽 = [0, 𝑎], ∅ ∈ 𝐵. 

 
(3)  𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑓: [0, 𝑎]𝑥𝐵 → 𝑋   𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠: 

(i) 𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 ∈ 𝐽, 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑓(𝑡, . ): 𝐵 → 𝑋  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  ∅ ∈ 𝐵, 

 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑓(. , ∅): 𝐽 → 𝑋 𝑖𝑠 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒, 

(ii) 𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑛 , 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝛼𝑛𝜖 𝐿1([0, 𝑎]) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡    

   𝑠𝑢𝑝 ‖𝑓(𝑡, ∅)‖  ≤  𝛼𝑛(𝑡) 

 ‖∅‖𝐵  ≤ 𝑛 
𝑎𝑛𝑑  

        
𝑙𝑖𝑚 𝑖𝑛𝑓  
𝑛 → ∞

  
1

𝑛
 ∫ ∫ 𝛼𝑛

𝑡

0

𝑎

0

(𝑠)𝑑𝑠  𝑑𝑡 =  ɣ <  ∞ 

           
(4)  𝑇ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  𝑊  𝑓𝑟𝑜𝑚  𝑈 𝑖𝑛𝑡𝑜 𝑋  𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 

 

         𝑊𝑢 =   ∫ 𝑇(𝑡 − 𝑠) [ ∫ 𝑑𝑆 𝐶(𝑠, 𝑙) 

0

 −ℎ

]
𝑎

0

𝑢(𝑠 + 𝑙)𝑑𝑠 

 

  𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  𝑤−1 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝐿2 (𝐽;  𝑈)/ 𝑘𝑒𝑟 𝑤.,      
  𝑤ℎ𝑒𝑟𝑒  𝐶  𝑖𝑠 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

 
𝟐. 𝟎𝟏:  𝑽𝒂𝒓𝒊𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓𝒔 

𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥(. ): (−∞, 𝑎] → 𝑋  𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑖𝑓 𝑥0 = ∅, 

 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥(. )𝑡𝑜 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0, 𝑎]  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 

 0 ≤ 𝑡 ≤ 𝑎, 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝐴𝑇(𝑡 − 𝑠)𝑔 (𝑠, 𝑥𝑠), 𝑠 ∈ [0, 𝑡]𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑎𝑛𝑑  

𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1). 
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𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡)  −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

)𝑑𝑠 

            + ∫ 𝑇(𝑡 − 𝑠) [ ∫(𝑑𝑆

0

−ℎ

𝐶(𝑠, 𝑙)𝑢(𝑠 + 𝑙) +  ∫ 𝑓(𝜏, 𝑥𝜏)𝑑𝜏

𝑠

0

]

𝑡

0

𝑑𝑠, 𝑡 ∈ 𝐽    … …    … . (2.1) 

 

(2.1) ⟹ 𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡) − ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠,

𝑡

0

 𝑥𝑠 ) 𝑑𝑠 

 

     + ∫ 𝑇(𝑡 − 𝑠) [ ∫(𝑑𝑆

0

−ℎ

𝐶(𝑠, 𝑙)𝑢(𝑠 + 𝑙)]

𝑡

0

𝑑𝑠 + ∫ 𝑇(𝑡 − 𝑠) [∫ 𝑓(𝜏, 𝑥𝜏)𝑑𝜏] 

𝑠

0

] 𝑑𝑠

𝑡

0

 …  (2.2) 

 
𝑇ℎ𝑒  𝑓𝑜𝑢𝑟𝑡ℎ 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 − ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.2)𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒  
𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 𝑓𝑜𝑟  𝑡 < 0, 𝑎𝑠 𝑤𝑒𝑙𝑙 𝑎𝑠 𝑓𝑜𝑟 𝑡 < 0.  

 𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 𝑓𝑜𝑟 𝑡 ∈ [0 − ℎ, 0] 𝑒𝑛𝑡𝑒𝑟 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙  
𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑧𝑡0

. 

 𝑇𝑜 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑚, 𝑡ℎ𝑒 𝑓𝑜𝑢𝑟𝑡ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.2)𝑚𝑢𝑠𝑡 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒  
𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛. 𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠: 
 

𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡)  −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

)𝑑𝑠 

 

+ ∫ 𝑑𝑆

0

−ℎ

𝐶 (∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠, 𝑙)𝑢(𝑠 + 𝑙)𝑑𝑠

𝑡

0

)  + ∫ 𝑇(𝑡 − 𝑠) [  ∫ 𝑓(

𝑠

0

𝜏, 𝑥𝜏)𝑑𝜏]

𝑡

0

𝑑𝑠  … … … … (2.3)) 

 

= 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡)  −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

)𝑑𝑠 + ∫ 𝑇(𝑡 − 𝑠) [   ∫ 𝑓(𝜏, 𝑥𝜏)𝑑𝜏

𝑠

0

]

𝑡

0

𝑑𝑠 

 

+ ∫ 𝑑𝑆 𝐶

𝑜

−ℎ

( ∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠 − 𝑙, 𝑙)𝑢(𝑠 − 𝑙 + 𝑙)𝑑𝑠

𝑡+𝑙

0+𝑙

) 

 

= 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡)  −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

)𝑑𝑠 + ∫ 𝑇(𝑡 − 𝑠) ∫ 𝑓(

𝑠

0

𝑡

0

𝜏, 𝑥𝜏)𝑑𝜏 𝑑𝑠 

 

+ ∫ 𝑑𝑆

0

−ℎ

𝐶 ( ∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠 − 𝑙, 𝑙)𝑢0(𝑠)𝑑𝑠

0

0+𝑙

) 
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+ ∫ 𝑑𝑆

0

−ℎ

𝐶 ( ∫ 𝑇(𝑡 − 𝑠) 𝐶(𝑠 − 𝑙, 𝑙)𝑢(𝑠)𝑑𝑠)

𝑡+𝑙

0

) . . . . . . . . . . .    (2.4) 

 
𝑤ℎ𝑒𝑟𝑒 𝑑𝑐𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐿𝑒𝑏𝑒𝑠𝑞𝑢𝑒 − 𝑆𝑡𝑖𝑒𝑙𝑡𝑖𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑤𝑖𝑡ℎ  

𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒  𝑠  𝑖𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝐶(𝑠, 𝑙). 
         𝐿𝑒𝑡 𝑢𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛: 

 

Ĉ(𝑠, 𝑙) = {
𝐶(𝑠, 𝑙)𝑓𝑜𝑟 𝑠 < 𝑡, 𝑙 ∈ 𝑅
0    𝑓𝑜𝑟   𝑠 > 𝑡,   𝑙 ∈ 𝑅

}          … ….                       … … …                   … ….   (2.5) 

 

𝐻𝑒𝑛𝑐𝑒 𝑥(𝑡) 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑟𝑚: 

𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡) −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

 )𝑑𝑠 

 

+ ∫ 𝑇(𝑡 − 𝑠) ∫ 𝑓(

𝑠

0

𝑡

0

𝜏, 𝑥𝜏)𝑑𝜏 𝑑𝑠   + ∫ 𝑑𝑆

0

−ℎ

𝐶 ( ∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠 − 𝑙 , 𝑙)𝑢0(𝑠)𝑑𝑠

0

0+𝑙

) 

 

+ ∫ 𝑑𝑆

0

−ℎ

𝐶 ( ∫ 𝑇(𝑡 − 𝑠)Ĉ(𝑠 − 𝑙, 𝑙)𝑢(𝑠)𝑑𝑠)

𝑡

  0

) … … … …    (2.6) 

 
𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (2.6)𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑚𝑜𝑟𝑒 

 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑡 𝑓𝑜𝑟𝑚 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡) −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

 )𝑑𝑠 

 

+ ∫ 𝑇(𝑡 − 𝑠) ∫ 𝑓(

𝑠

0

𝑡

0

𝜏, 𝑥𝜏)𝑑𝜏 𝑑𝑠   + ∫ 𝑑𝑆

0

−ℎ

𝐶 (∫ 𝑇(𝑡 − 𝑠)𝐶𝑠 − 𝑙 , 𝑙)𝑢0(𝑠)𝑑𝑠

0

𝑙

) 

 

+ ∫ ( ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆Ĉ(𝑠 − 𝑙, 𝑙)𝑢(𝑠)𝑑𝑠

0

−ℎ

)

𝑡

0

                  (2.7) 

 

𝑁𝑜𝑤 𝑙𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  𝑥(𝑡) 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑓𝑜𝑟 𝑡 = 𝑡1 = 𝑎. 
 

𝑥(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡1 , 𝑥𝑡1 
) − ∫ 𝐴𝑇(𝑡

𝑡1

0

1 − 𝑠) 𝑔(𝑠, 𝑥𝑠) 𝑑𝑠 
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+ ∫ 𝑇(𝑡 − 𝑠) ∫ 𝑓(

𝑠

0

𝑡

0

𝜏, 𝑥𝜏 )𝑑𝜏 𝑑𝑠 + ∫ 𝑑𝑆

0

−ℎ

𝐶 ( ∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠 − 𝑙, 𝑙)𝑢0(𝑠)𝑑𝑠

0

0+𝑙

) 

 

+ ∫ ( ∫ 𝑇(𝑡1 − 𝑠)𝑑𝑆Ĉ(𝑠 − 𝑙, 𝑙)𝑢(𝑠)𝑑𝑠

0

−ℎ

)

𝑡1

0

                     (2.8) 

 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (2.7), 𝑓𝑜𝑟 𝑏𝑟𝑒𝑣𝑖𝑡𝑦, 𝑙𝑒𝑡, 

𝛽(𝑡) = 𝑇(𝑡)[∅(0) − 𝑔(0, ∅)] + 𝑔(𝑡, 𝑥𝑡) −  ∫ 𝐴𝑇(𝑡 − 𝑠)𝑔(𝑠, 𝑥𝑠

𝑡

0

 )𝑑𝑠    … … …         (2.9) 

𝜇(𝑡) = ∫ 𝑇(𝑡 − 𝑠) ∫ 𝑓(

𝑠

0

𝑡

0

𝜏, 𝑥𝜏)𝑑𝜏 𝑑𝑠 + ∫ 𝑑𝑐

0

−ℎ

𝑠( ∫ 𝑇(𝑡 − 𝑠)𝐶(𝑠 − 𝑙, 𝑙)𝑢0(𝑠)𝑑𝑠

0

0+𝑙

     (2.10) 

 

𝑧(𝑡, 𝑠) =  ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆

0

−ℎ

Ĉ(𝑠 − 𝑙, 𝑙)   … … ..           … … … ….           … … ….                    (2.11)  

 
𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 (2.9), (2.10), (2.11)𝑖𝑛 (2.7), 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎 𝑝𝑟𝑒𝑐𝑖𝑠𝑒 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 

 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑎𝑠 

𝑥(𝑡, 𝑥0 , 𝑢) = 𝛽(𝑡) + 𝜇(𝑡) + ∫ 𝑧(𝑡, 𝑠)𝑢(𝑠)𝑑𝑠

𝑡

0

      ….                 ….              (2.12) 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏   (𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑺𝒕𝒂𝒕𝒆) 
𝑇ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚  (1.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑔(𝑡) = {𝑥, 𝑢𝑡}. 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟐   (𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [0, 𝑎]𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒  
𝑠𝑡𝑎𝑡𝑒 𝑔(0)𝑎𝑛𝑑 𝑥1 ∈  𝑋, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢(𝑡) 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 [0 , 𝑎] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑥(𝑡1)  = 𝑥1. 
 

𝟐. 𝟎𝟐:  𝑩𝒂𝒔𝒊𝒄 𝑺𝒆𝒕 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒂𝒏𝒅 𝑷𝒓𝒐𝒑𝒆𝒓𝒕𝒊𝒆𝒔. 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟑  (𝑹𝒆𝒂𝒄𝒉𝒂𝒃𝒍𝒆 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

 

𝑅(𝑡0 , 0) = {{∫ [ ∫ 𝑇(𝑡1 − 𝑠) 𝑑𝑆 Ĉ (𝑠 − 𝑙 , 𝑙)] 

0

−ℎ

] 𝑢(𝑠)𝑑𝑠

𝑡1

0

} 

𝑊ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2 ([0 , 𝑎]; 𝑋): |𝑢𝑗|  ≤ .1 ; 𝑗 = 1, 2, … … . , 𝑚} 

  
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒  (𝑨𝒕𝒕𝒂𝒊𝒏𝒂𝒃𝒍𝒆 𝒔𝒆𝒕) 
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𝑇ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 : 
 

𝐴(𝑡 , 0) = {𝑥(𝑡 , 𝑥0 , 𝑢): 𝑢 ∈ 𝑈}, 𝑊ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2 ([0 , 𝑎]; 𝑋): |𝑢𝑗|  ≤ .1; 𝑗 = 1, 2, … … . , 𝑚} 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟓  (𝑻𝒂𝒓𝒈𝒆𝒕 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐺(𝑡1 , 0)𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

 
𝐺(𝑡1 , 0) = {𝑥(𝑡, 𝑥0 , 𝑢): 𝑡1  ≥ 𝜏 > 0 𝑓𝑜𝑟 𝑓𝑖𝑥𝑒𝑑 𝜏 𝑎𝑛𝑑  𝑢 ∈ 𝑈 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟔  (𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒈𝒓𝒂𝒎𝒎𝒊𝒂𝒏 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

𝑊(𝑡1 , 0) =  ∫ [ ∫ 𝑇(𝑡1 − 𝑠)𝑑𝑆 Ĉ (𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡1

0

[ ∫ 𝑇(𝑡1

0

−ℎ

− 𝑠) 𝑑𝑆 Ĉ (𝑠 − 𝑙, 𝑙)]

𝑇

 

 

𝑊ℎ𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒. 
 

 

𝟐. 𝟎𝟑:   𝑹𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝑩𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝑺𝒆𝒕 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 
𝑊𝑒 𝑠ℎ𝑎𝑙𝑙 𝑓𝑖𝑟𝑠𝑡 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠ℎ𝑖𝑝 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡  
𝑡𝑜 𝑒𝑛𝑎𝑏𝑙𝑒 𝑢𝑠 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 𝑜𝑛𝑐𝑒 𝑎 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ℎ𝑎𝑠 𝑏𝑒𝑒𝑛 𝑝𝑟𝑜𝑣𝑒𝑑 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑠𝑒𝑡, 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑏𝑙𝑒 𝑡𝑜 

 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟. 
𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (2.7), 

𝐴(𝑡 ,0) = 𝜂(𝑡) +  𝑅(𝑡 ,0)]  , 𝑓𝑜𝑟 ∈ 𝑈, 𝑡 ∈ [0 , 𝑎], 
 

𝑊ℎ𝑒𝑟𝑒      𝜂(𝑡) =  𝛽(𝑡) +  𝜇(𝑡). 
 

𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑡ℎ𝑟𝑜𝑢𝑔ℎ  
𝜂 ∈ 𝑋.   
𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑖𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑝𝑜𝑠𝑠𝑒𝑠𝑠 𝑡ℎ𝑒 

𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 𝑐𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦, 𝑐𝑙𝑜𝑠𝑒𝑛𝑒𝑠𝑠 𝑎𝑛𝑑 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠.   
𝐴𝑙𝑠𝑜, 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 [𝑜, ∞]𝑡𝑜 𝑡ℎ𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑜𝑓  
𝑋 = 𝐸𝑛.  𝑪𝒉𝒖𝒌𝒘𝒖 (𝟏𝟗𝟖𝟖)𝒂𝒏𝒅 𝑮𝒚𝒐𝒓𝒊 (𝟏𝟗𝟖𝟐)𝑔𝑖𝑣𝑒 𝑖𝑚𝑝𝑒𝑡𝑢𝑠 𝑓𝑜𝑟 𝑎𝑑𝑎𝑝𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 

 𝑝𝑟𝑜𝑜𝑓𝑠 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1). 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟕  (𝑷𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑋 = 𝐸𝑛 𝑜𝑛 [0 , 𝑎]𝑖𝑓 𝑠𝑝𝑎𝑛 𝑅(𝑡 ,0) = 𝑋 = 𝐸𝑛  
 𝑖. 𝑒 𝑖𝑓 

𝐶𝑇 [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆

0

−ℎ

 Ĉ(𝑠 − 𝑙 , 𝑙)] = 0      𝑎. 𝑒. 

𝑎 > 𝑜 ⟹ 𝐶 = 0 ; 𝐶 ∈ 𝑋 = 𝐸𝑛 
 
 

 

𝟑.    𝑴𝒂𝒊𝒏 𝑹𝒆𝒔𝒖𝒍𝒕𝒔 
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𝐻𝑒𝑟𝑒, 𝑎 𝑛𝑒𝑤 𝑚𝑒𝑡ℎ𝑜𝑑 𝑜𝑓 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ 𝑖𝑠 𝑑𝑒𝑟𝑖𝑣𝑒𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟏 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 

𝑑

𝑑𝑡
[𝑥(𝑡) − 𝑔(𝑡, 𝑥𝑡  )] + 𝐴(𝑡)𝑥(𝑡) = ∫ 𝑓(𝑠, 𝑥𝑠

𝑡

0

 )𝑑𝑠 +  ∫(𝑑𝑆

0

−ℎ

𝐶(𝑠, 𝑙)𝑢(𝑠 + 𝑙)  … … … . . (3.1) 

𝑤𝑖𝑡ℎ 𝑖𝑡𝑠 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠. 
 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑢∗ 𝑖𝑠 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.1), 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑢𝑛𝑖𝑞𝑢𝑒. 

𝑷𝒓𝒐𝒐𝒇: 
𝐿𝑒𝑡  𝑢∗ 𝑎𝑛𝑑  𝑣∗ 𝑏𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.1), 𝑡ℎ𝑒  𝑢∗ 𝑎𝑛𝑑 𝑣∗ 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 

𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡

0

, 𝑓𝑜𝑟 𝑡 ∈ [0, 𝑎], 𝑎 > 0. 

𝑜𝑣𝑒𝑟 𝑎𝑙𝑙 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠  𝑢 ∈ 𝑈, 𝑎𝑛𝑑 𝑠𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑖𝑡ℎ  
𝑢∗ 𝑎𝑠 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑔𝑖𝑣𝑒𝑛 𝑏𝑒𝑙𝑜𝑤: 

 

𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡

0

𝑢(𝑠)𝑑𝑠 ≤  𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡∗

0

𝑢∗(𝑠)𝑑𝑠           (3.2) 

 
 

𝐴𝑙𝑠𝑜, 𝑢𝑠𝑖𝑛𝑔𝑣∗ 𝑎𝑠 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙, 𝑤𝑒 ℎ𝑎𝑣𝑒  
 

𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡

0

𝑢(𝑠)𝑑𝑠

≤  𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡∗

0

𝑢∗(𝑠)𝑑𝑠               (3.3) 

 
𝑇𝑎𝑘𝑖𝑛𝑔 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑜𝑓  𝑢  𝑜𝑣𝑒𝑟 [−1,1] , 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓  𝑢∗ 𝑖𝑛  (3.2)𝑎𝑛𝑑 (3.3), 
 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡

0

𝑚𝑎𝑥|𝑢(𝑠)|𝑑𝑠,    𝑓𝑜𝑟 − 1 ≤ 𝑠 ≤ 1. 

 

=  𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡∗

0

𝑢∗(𝑠)𝑑𝑠,   𝑓𝑜𝑟 𝑢∗ ∈ 𝑈         … … … … … ….      (3.4) 

 
𝐴𝑙𝑠𝑜  

𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡

0

𝑚𝑎𝑥|𝑢(𝑠)|𝑑𝑠,    𝑓𝑜𝑟 − 1 ≤ 𝑠 ≤ 1. 
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=  𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡∗

0

𝑣∗(𝑠)𝑑𝑠,   𝑓𝑜𝑟 𝑣∗ ∈ 𝑈         … … … … … ….          (3.5) 

 
𝑓𝑜𝑟 𝑢, 𝑣∗ ∈ 𝑈, 𝑣∗ 𝑏𝑒𝑖𝑛𝑔 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑎𝑛𝑑 − 1 ≤ 𝑠 ≤ 1.  

 
𝑆𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  (3.5) 𝑓𝑟𝑜𝑚  (3.4, 𝑤𝑒 ℎ𝑎𝑣𝑒  

 

0 =  𝐶𝑇 ∫ [ ∫ 𝑇(𝑡 − 𝑠)𝑑𝑆�̂�(𝑠 − 𝑙 , 𝑙)

0

−ℎ

]

𝑡∗

0

{ 𝑢∗(𝑠) − 𝑣∗(𝑠)} 𝑑𝑠 

 
(𝑠𝑖𝑛𝑐𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.1) 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑟 𝑝𝑟𝑜𝑝𝑒𝑟). 

 
⟹  𝑢 ∗ (𝑠) −  𝑣 ∗ (𝑠) = 0 

 
⟹  𝑢 ∗ (𝑠) = 𝑣 ∗ (𝑠) 

 
𝑇ℎ𝑖𝑠 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑠 𝑡ℎ𝑎𝑡 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑠 𝑢𝑛𝑖𝑞𝑢𝑒. 

 
 

 

 

4. CONCLUSION 

 

In this work, Neutral Functional Integro-differential systems in Banach spaces with 

Distributed Delays in the control were presented for optimal controllability analysis. 

 

We established that an admissible control energy function of Neutral Functional Integro-

differential systems in Banach spaces with Distributed Delays in the control is optimal control 

energy function of the system if and only if it is unique 

 

The establishment of this uniqueness property of an optimal control energy function provides 

a new approach to proving the existence of an optimal control energy function of our system 

of interest.. 
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